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A theorem of Bernstein [2; pp. 206-2111 asserts that if f(z) is an entire 
function of exponential type T and satisfies If(x) 1 < M uniformly for 
- co < x < W, then If’(x) ( < Mr. In [3] A. J. Macintyre and S. M. 
Shah state sufficient conditions (same as (a), (c), and (d) below) to guarantee 
that meromorphic functions which are bounded on the real axis have deriva- 
tives which also are bounded there; moreover, they show by example that 
condition (d) is necessary. 
The theorem given here is proved by methods similar to those of Macintyre 
and Shah and extends their result to a class of meromorphic functions which 
are 0 (exp (/? ( x 17)) as x -+ f co. 
THEOREM. Iff(z) is a meromorphicfunction which satisjk: 
(a) lim+cup r-lT(r,f) = 7 < co, 
(b) If(x) I < 0~ exp (B x p) for - CO < x < CO (a, p > 0; 0 Q y < ij, 
(c) f(z) has no poles in Im (2) I < 6, 
td) 
m I Im W I 
z1 1 x - b, 12 G ’ ==c a,
where b, , b, ,... are the poles off(z), then 
I.04 I G K exp (B I s 19 for -~<X<oO, 
where K = Kb, B, Y, 6, q, 7). 
* This work was supported by the United States Atomic Energy Commission. 
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COROLLARY. Ijj(z) is a meromorphic function satisfying (a), (b) and 
then 
If’(x) I < K exp (B I x Iy) for --<X<oO, 
wke K = K(a, B, Y, rll ,T). 
The proof given requires a 
LEMMA. LetO<Im(z)=rsinB~l,R>,r,andwrite 
J(R, Y, 4-f) = n-l [l, (Pl - P2) 1% If(t) I dt, 
where 
Pl(Y, 89 = 
Y sin 6 
12 + t2 - 2rt cos tJ ’ 
r sin 0 
Pz(R’ ‘) ” t, =Rz + (y/R)2 t2 - 2ytcOs 8' 
If If(t) I < exp (B I t 1”) (6 > 0,O < y < 1, - 00 < t < co) then 
J(R) I, w) G Pry 
cos y(e - rr/2) 
cos (ya/2) * 
PROOF OF THE LEMMA. For 0 < 1 t 1 < R and 0 < Y < R we have 
(R2 - t2) (1 - y2/R”) > 0. Therefore, 
’ t2 - 2Yt COS e 2 Y2 + t2 - 2Yt COS e > o 
and hence 0 < P2 < PI . It follows that 
m, I, e,f) G b-1 1” I t IY w, 4 0 dt 
-R 
< ~~-1 Srn tqy2 + t2 - 2yt cos e)-1 + (y2 + t2 + 2rt cos e)-1) dt 
0 
= /h-l j-,” r/{[(t - z) (t - a)]-1 + [(t + z) (t + a)]-l} dt 
= W1 (sin tyQ 1) ,) -j,,t Res it- w)ydw))f 
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where 
and 
w = pe@, 0 < 9 < 2n, (- m)Y = pYf,+Yfq-r) 7 
g(w) = [(w - z) (w - 2)]-1 + [(w + z) (0 -I- 2)1-l. 
(The integral is evaluated by standard techniques-see [l; p. 1291.) There- 
fore, 
= pyy cm Y(e - 74) 
cos (r77M 
and the lemma is proved. 
PROOF OF THE THEOREM. Without loss of generality we may assume that 
01 = 1 and 6 = 2. The proof depends on the lemma and the following 
formula (see [4] and the references given there) of R. Nevanlinna for a 
function f(z) meromorphic in the half-plane Im (a) > 0 and having zeros 
a, and poles b, in this half-plane: 
1% If@) I = AR, y, Cf) + (24-l ST S(R, Y, 8, V) log If(Re”q) ) & 
0 
- 
1 
(z - czn) (R2 - z&J 
IanI <R log 1 (z - a,) (R2 - zu,) 1 
+ c 
(z - &J (R2 - z&J 
log 1 (.z - b,) (R2 - zb,) ’ (1) lb,l<R 
where 
z = reie, Im (z) > 0, 
WC ‘.r e- p) = [R2 + ,.2 _ 2R 
4Rr(R2 - r2) sin 0 sin F 
T cos (e - lp)] [R2 + r2 - 2Rr cos (e + qg] ’ 
and JR, I, 8,f) is given by the lemma. 
We shall derive an inequality from (1) and then allow R to tend to infinity. 
A laborious calculation shows that 
- 1 1% 1 
(z - znpt) (R2 - =%d < o, 
l%lKR 
(z - a,) (R2 - ~4 
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provided that Im (z) > 0 and R/r > 1. Therefore, if 0 < Im (z) < 1 and 
R/r is sufficiently .large depending upon the choice of E > 0, we have from 
(1) with the aid of the lemma (if y = 0 see [3]) and hypothesis (b) 
+ (4 + E) (2vR)-l t sin f3 
f 
m log+ jf(Re$P) / ds, 
0 
+ ,bF<R log 12 
n 
j + ,b~<R1og/;:z;;/ 
n 
( p# cm Y(@ - 42) 
cos b-7/2) 
+ (4 + 2~) 71 sin 8 + C + C , (2) 
1 2 
using (a) and supposing R sufficiently large. 
Nowwithz=x+iy,O<y<l,andb,=~,,+iA,,wehave 
=log 1+JJ-logIl+&j I 12 n 
2 
3 1 .’ b, I4 
x ((x - b,J2 + (x - b,) (x - &) + (x - 6,J2) + ..j 
G ,&a 
~YX, 
(1 + F2 + F4 + ***> = 3 , * _ bn ,2 , 
sinceO<y<l and lx-b,l >S=2. Thus, 
by using (d). Furthermore, 
log I 
R2 - d,, = Re (b, - 6,J x 
R2 - zbn I 1 R2 
+ (ha2 $2b” + . . . . 
(3) 
< 2 1 x 1 X,R-2(1 + I zb, I R-2 + j zb, I2 R-4 + .*.I 
< 4 1 x 1 h,R-2, 
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provided R > 2 / z 1 . Hence, 
(4) 
Denote by C, , C, ,... positive constants and let K, M be such that 
lb~--ll<R~‘~</b~I, IhI <R<lhl 
and set 
From (d) with x = 0 we infer that S(N) JO as N t co. Hence, 
c A, < GR + c A, = C,R + "c A, < C,R + C,S(K) R=. 
lb,,1 <'R R”a<Ib,I<R Tl=K 
Now K = K(R) t cc with R t co; therefore S(K) = S(K(R)) = S,(R) JO 
as A t 00. Hence, for R > R,,(c, r) we have 
41~/~-a,b~<R~,~~,[I~l~-‘+I~I~,~~)l<~. (5) 
” 
Finally, from relations (2)-(5) and letting R -+ co, we find 
877 loglf(x++)l <.47+-++yy 
cos y(e - x/2) 
3 cos b7/2) 
Obviously we can infer a similar inequality for - 1 < y < 0. The proof 
of the theorem follows from Cauchy’s formula for f’(x) with the circle of 
integration I w - x I = 1, 1 x I > 1: 
G max exp VG + PPY~cP, Y)), 
where the maximum is taken over w = peiq, 0 < p sin v < 1 and 
I w - x 1 = 1. In particular, if x > 1 we have 
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so that 
WY) 0 < h(v, y) < 1 + w tan F d 1 + x 9 
where 
K(r) = 7 tan 7 . 
Evidently a similar inequality holds for x < - 1; hence 
If%4 I < exp K + 8U x I + 1Y (1 + 4rYl x IN 
< exp WI + /Xl + 4~) (I x I + lY/l x I) + P I x PI 
< K exp (B I x 19, 
where 
K = Kb, B, Y, 6, v, 4. 
To prove the corollary, notice that 1 Im (b,) 1 > l/q1 > 0, so that we 
have (c) with 6 = l/~~ . Also, 
so that (d) holds with 77 = v1 . 
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